Abstract. In this paper we consider the functionals
1 [0,∞) (x − B H,K s )ds
Introduction
Given H ∈ (0, 1), K ∈ 
for all s, t ≥ 0. Clearly, if K = 1, the process is a fractional Brownian motion with Hurst parameter H. This process was first introduced by Houdré and Villa [8] . Russo and Tudor [20] have established some properties on the strong variations, local times and stochastic calculus of real-valued bifractional Brownian motion.
An interesting property is that the quadratic variation of this process on [0, t] equals to 2 1−K t provided 2HK = 1. Tudor-Xiao [23] studied some sample path properties of bifractional Brownian motion. A Tanaka formula for multidimensional bifractional Brownian motion was given by Es-sebaiy and Tudor [6] .
The self-intersection local time of B H,K is formally defined, for any t > 0 and x ∈ R, by α(t, which exists as a limit in L 2 (Ω) if we approximate the "δ" by f ε . Intuitively, for x = 0, the random variable α(t, 0) measures the amount of time the bifractional Brownian motion intersects with itself in the real time interval [0, t] (see Jiang and Wang [13] ).
In this paper we consider the integral functionals of the forms Our main aim is to study the p-variation of the following processes:
with HK ∈ (0,   2 3 ), where the stochastic integral is of the Skorohod type and [17] , [18] , [19] were led to analyze the functional of the form
In particular, by using the classical Itô formula, essentially the Burkholder-Davis-Gundy inequalities of martingales and the decomposition of the expression
with X t = A(t, B t ), they showed that the process A(t, B t ) is not a semimartingale, and in fact showed that the process
has finite non-zero 4/3-variation. Here L (t, B s ) is the local time of B at x, which is formally defined by [12] also compute the 4 3 -variation of the derivative of self-intersection Brownian local time by using techniques from the theory of fractional martingales (Hu et al [11] ).
Recently, Yan et al. [24] considered the similar integral functional driven by fractional Brownian motion B H with Hurst index H ∈ (0, 1) which arises in the study of integration with respect to fractional local times of fractional Brownian motion (see Yan et al. [28] ). In the general case, that is K 1, this question has not been studied. On the other hand, in recent years the fBm has become an object of intense study, due to its interesting properties and its applications in various scientific areas including telecommunications, turbulence, image processing and finance. However, contrast to the extensive studies on fractional Brownian motion, there has been little systematic investigation on other self-similar Gaussian processes. The main reasons for this are the complexity of dependence structures and the non-availability of convenient stochastic integral representations for self-similar Gaussian processes which do not have stationary increments. Therefore, it seems interesting to study the problem. This paper is organized as follows. In Section 2 we presents some preliminaries for bifractional Brownian motion. In order to study the functionals A 1 (t, B H,K t ) and A 2 (t, B H,K t ) as above, in Section 3 we define the so-call weighted self-intersection local times and consider their derivatives (see Rosen [22] ). In Section 4 we will use the results established in Section 3 to give our main theorem. Some technical estimates are included in the appendix.
Preliminaries for bifractional Brownian motion
In this section, we briefly recall some basic definitions and results of bifractional Brownian motion. For simplicity we let C H,K > 0 stand for a positive constant depending only on H, K and its value may be different in different appearance. As we pointed out before, bifractional Brownian motion (bi-fBm)
, on the probability space (Ω, F , P) with indices H ∈ (0, 1) and K ∈ (0, 1] is a rather special class of self-similar Gaussian processes such that B H,K 0 = 0 and
The process is HK-self similar and satisfies the following estimates (the quasi-helix property)
Thus, Kolmogorov's continuity criterion implies that bifractional Brownian motion is Hôlder continuous of order δ for any δ < HK. More works for bi-fBm can be found in Houdré and Villa [8] , Tudor-Xiao [23] , Russo-Tudor [20] , Es-sebaiy and Tudor [6] , Kruk et al [15] , Yan et al [25] [26] [27] , and the references therein. As a Gaussian process, it is possible to construct a stochastic calculus of variations with respect to B H,K . We refer to Nualart [16] and Alós et al [4] for a complete description of stochastic calculus with respect to Gaussian processes, in particular, we refer to Es-sebaiy and Tudor [6] for stochastic calculus with respect to B H,K with 2HK ≥ 1 and Yan and Xiang [25] with 0 < 2HK < 1. We will use the notation
to express the Skorohod integral of an adapted process u.
Theorem 2.1 (Itô's formula [6] and [25]). Let f
for every continuous and bounded function ϕ(x) : R → R and any t 0, and such that
where λ denotes Lebesgue measure and δ(·) is the Dirac delta function. Set
It follows from (5) that
At the end of the section, we give some estimates for the following expresses:
where
Proof. The inequalities (6) are two calculus exercises. By symmetry one may assume that s ≤ s ′ , and we have
Mean value theorem implies that there are ξ, η ∈ (r, s) such that
Similarly, one can show that (6) hold for 0 < r < r ′ < s < s ′ < T and 0 < r < s < r ′ < s ′ < T, respectively. This gives the estimates (6).
(2) For all 0 < r ′ < r < s < s ′ ≤ T, we have
Proof.
Thanks to mean value theorem, we see that there are ξ ∈ (r, s) and η ∈ (r ′ , s ′ ) such that
and
It follows from the duality relationship that
Combining this with
and ξη ≤ η 2 , we obtain (7). Moreover, (8) and (9) follow from the proof of Lemma 2.2. Thus, we completes the proof.
According to the property of strong local nondeterminism of bi-fBm and (4), we can obtain the next lemma.
Lemma 2.4.
There is a constant κ > 0 such that the following statements hold:
Derivative of weighted self-intersection Local Times
To study our main aim, in this section we consider the weighted self-intersection local times of bi-fBm, defined as 
which leads to the existence of α j , j = 1, 2 in L 2 . Define the functionals A 1 and A 2 as follow
Then we have
which imply that A j ∈ C 1,1 (R + × R) for j = 1, 2. A formal application of Itô's formula for bi-fBm, using
in the setting of distributional sense, where δ ′ is the distributional derivative of the Dirac-delta function, and the stochastic integral is of the Skorohod type. For 0 ≤ t ≤ T, define two processes as follow
Thus, the expressions A 1 and A 2 can be rewritten as
Now, let us prove the existence of the processes α ′ j (t), j = 1, 2. Consider the heat kernel
and define
Proof. Denote
Thus, by Lemma 3.2, for 0 < HK < 2 3 , we can define, in L 2 -space,
Lemma 3.2. For 0 < HK < 2 3 and j = 1, 2, we have ∫
The proof of the lemma will be given at Appendix.
p-variations
In this section, we give the main result of this note. The idea used here is essentially due to Rosen [22] . Fix t > 0 and let {0 = t 0 < t 1 < t 2 < · · · t n = t} be a partition of [0, t] such that |△ n | = max j |t j − t j−1 | → 0 as n tends to infinity. For a stochastic process X = {X t ; t ≥ 0}, we denote
where p > 0. Recall that the process X is of bounded p-variation if the limit of V n p (X, t) exists in L 1 as n tends to infinity. We denote this limit by V p (X, t) and call it p-variation of
and ∫
This lemma will be proved in Appendix.
Theorem 4.2. For
Proof. For 1 2 ≤ HK < 2 3 and j = 1, 2, we have that
Combining this with α
by Lemma 4.1 because of 2 − HK ≥ 3 − 3HK. It follows that for 0 < p ≤ 2 and j = 1, 2,
which shows that the p-variation of the process α
This completes the proof.
For the case 0 < HK < 
Thanks to the above lemma, one can easily obtain the following theorem by similar proof of Theorem 4.2. , we obtain that,
That means the DSLT α ′ j (t), j = 1, 2, has a modification which is a.s. Hölder continuous in t of any order less
That means the DSLT α [14] with the covariance structure and strong local nondeterminism of bifractional Brownian motion. It is therefore omitted.
We now can consider the p-variations of the processes X ( j) , j = 1, 2 given by 
Appendix A. Some technical estimates
In the appendix, we will give the proofs of the estimates (18), (19) , (20) and (21) . Denote
For any (r, s, r ′ , s ′ ) ∈ T, we set s < s ′ and denote
Let us first obtain the inequalities (20) and (21) . Set
for i, j = 1, 2. We claim that
It follows from (6), (11) and the inequality 
